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BUCKLING OF PLATES AND BEAM SECTIONS 
UNDERSTRESSGRADffiNT 
by 
Shien T. Wang 1 and Yei L. Tien2 
INTRODUCTION 
The problem of local buckling of compression elements and members 
has been studied extensively in the past (4). However, most researchers 
only dealt with cases with idealized simple loading and edge conditions. 
In reality, the longitudinal edges of the compression flange of a flexural 
member are connected to and elastically restarined by, the web. In 
addition, as a result of moment gradient due to arbitrary loadings, the 
longitudinal compressive stress in the compression flange varies con-
tinuously along the length of the beam and is combined with the associated 
shearing and transverse stresses. These realistic loading and boundary 
conditions should be considered in the analysis. 
In 1949, Libove, Ferdman, and Reusch (10) initiated a study on 
this general subject. They dealt with the elastic buckling of a simply 
supported flat rectangular plate with unequal uniform stresses applied 
at two transverse edges between which the stresses vary linearly. The 
difference between the compressive stresses at the two loaded edges is 
equilibrated by shearing stress along the longitudinal edges. Only recently, 
Chou and Gouwens (3) studied the elastic buckling of the compression 
flange of a wide flange beam subjected to a uniformly distributed load 
or a concentrated load at midspan. The elastic restraint along the 
joint was not considered in the above investigations. 
1 Assoc. Prof. of Civ. Engrg., Univ. of Kentucky, Lexington, Ky. 
2 Structural Analyst, Sargent and Lundy Engineers, Chicago, Ill., 
formerly, Grad. Asst., Univ. of Kentucky, Lexington, Ky. 
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The effects of elastic restraint along the edges on the buckling behavior 
of plates have been studied, however, by Johnson and Noel (8), Wittrick 
et. al. (25, 26, 27), Walker (15), and others. Although different stress 
combinations were considered, none considered the plates elastically 
restrained along the web-flange junction subjected to a stress gradient 
with shear effects. 
On the other hand, work has also been carried out by researchers 
on local buckling of structural members as a whole. Bulson (1, 2) made 
a very inclusive review on the local instability of thin-walled sections 
subjected to uniform compression. Ghobarah and Tso (6) studied overall 
and local buckling of channel columns. Walker (16) investigated channel 
struts under an eccentric load. Rhodes and Harvey (12) studied the local 
buckling and post-local-buckling behavior of thin-walled channel beams 
under pure bending. A similar study on box girder was made by Grave-
Smith (7). It is seen that the beam section subjected to a moment gradient 
has not yet been investigated. 
Since the local buckling behavior of a component plate of a section 
or a beam as a whole subjected to realistic loading conditions is different 
from the idealized situations from which the current design data were 
derived, there is an apparent need in research on this subject. The 
purpose of this paper is to present a brief summary of a study on the 
buckling behavior of plates and beam sections subjected to varying com-
pressive st;.ess and shearing stress resultants derived from moment 
gradients due to arbitrary loadings. A numerical solution by the finite 
difference method with the aid of a digital computer is presented. 
Results are given for wide-flange and box beams under either a uniformly 
distributed load or a cone en tra ted load at midspan. 
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STATEMENT OF THE PROBLEM 
Fig. 1 shows an isotropic, elastic, rectangular plate with two 
transverse edges, x = 0, a, simply supported, one longitudinal edge 
along y = 0 elastically restrained, including two extremes, i.e. simply 
supported and clamped, and the other along y = b free or elastically 
restrained. The plate may represent the flange of a wide-flange 
section when free at y = b, or it can be considc>r0d as the flange of 
a box section or a web of any cross-section when elastically restrained 
along two longitudinal PdgPs. 
Using classical plate theory, the governing differential equation 
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(1) 
in which D ~ flexural rigidity of plate, i.e. Et3 /12(1- v 2 ); w ~ defluction; 
Nx and NY = membrane stress resultants (force/unit length) in x andy 
directions, respectively; N = membrane shearing stress resultant; 
xy 
and v = Poisson's ratio. The terms N , N and N are positive as 
x y xy 
shown in Fig. 1. X andY arc body forces (force/unit area) in x and 
y directions, respectively, and are taken as zero in this investigation. 
In the analysis, the slight curvature in the component plate of a 
beam section due to bending is neglected; the thickness, t, is assumed 
to be uniform; and the Poisson's ratio, v, is taken as 0. 25. It is also 
assumed that the edges x = 0, a, andy = 0 remain straight during 
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buckling. Same assumption applies to the edge y = b if elastically 
res trained. 
Three loading conditions which are commonly encountered in 
practice are considered for both wide-flange and box beams: 
Case 1 loading - The beam is loaded with a concentrated load 
at midspan, (Figs.2(a) and 2(c)). The longitudinal stress resultant 
Nx in the compression flange varies linearly with x with a maximum 
value at midspan, and is combined with the associated shearing 
stresses (Figs. 3 and 5). The stress resultant distributions for the 
web and the bottom plate are also shown. 
Case 2 loading - The beam is uniformly loaded (Figs. 2 (b) and 
2(d)). The longitudinal stress resultant Nx in the compression flange 
varies parabolically with x and is combined with the associated shearing 
stress resultant Nxy and the stress resultant NY in they direction 
(Figs. 4 and 6). The stress resultant distributions for the web and 
the bottom plate are also shown. 
Case 3 loading - The plate or the beam section is subjected to 
axial uniform compression. This case is included so that the effect 
of stress gradient may be observed by comparing the results with 
those for loading cases 1 and 2. 
The equations of stress resultants in the component plates of wide-
flange and box beam sections subjected to the preceding loading conditions 
arc derived based on the conventional beam theory by satisfying the following 




+ X= 0 (2) 
()x ()y 
1)N ()Nxy + ~ + y = 0 (3) 
Oy 1)x 
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The expressions of these stress resultants were obtained and presented 
in Ref. 13. The buckling of the compression flanges of wide flange 
and box beam sections will be presented first and then the buckling of 
beam sections will be discussed. 
LOCAL BUCKLING OF PLATES 
Boundary Conditions. --For an elastically restrained edge. the 
bending moments that appear during buckling along this edge are 
proportional at each point to the angle of rotation of the edge. Hence 
the corresponding boundary condition along the edge y = 0 is 
(4) 
Since along the joint edge of the plate w 
E: Cw 
"Cy 
0, Eq. (4) becomes: 
for y = 0 
in which E: = - br/D(NR). an index from 0 to~; NR = the total number 
of rows of finite difference grids along y axis; and r = coefficient of 
fixity discussed in Ref. 14. In particular. when E: = 0, "'• the edge 
y = 0 is simply supported and fixed. respectively. When NR = 4. 
and E: = 0. 5, for example, the restraint is equivalent to rb = 2 as 
defined by Timoshenko and Gere (14). The values NR = 4 and E: = 2 
correspond to rb = 8. 
(5) 
If the edge y = b is elastically res trained, the boundary condition 
is the same as Eq. (5). If y = b is a free edge, the moment and shear 
along this edge vanish and leads to 






0 for y b (6) 
and (7) 
For simply supported edges along x 0 and x a, the boundary condi-
tion is 
for x 0, a (8) 
Difference Equations. --Using the finite difference method, the 
plate is divided by finite difference grids. Let NR denote the number 
of rows and NC denote the number of columns; the mesh length is 
h = a/NC and its width is k = b/NR. Eq. (1) for each nodal point 
is approximated by central differences. The approximation will 
involve twelve other points around the point. For points on or near 
boundaries, the fictitious points must be expressed in terms of 
deflections of interior nodal points by considering the boundary 
conditions. 
Expressing Eq. 1 in the finite difference form together with 
the boundary conditions for each grid nodal point results in a set of 
simultaneous equations which can be written in matrix form as follows: 
[L] (w} = K rMJ [w} (9) 
in which [ L] = a matrix containing the coefficients of biharmonic portion 
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of Eq.(l); [MJ =a matrix containing the coefficients contributed by the 
in-plane stress resultants and body forces in Eq. (1); [w} =column 
matrix for nodal point deflections; and K = buckling coefficient in the 
following equation 
IT 2 0 ~ 
in which Nx maximum value of stress resultant Nx; and (Nx)cr 
critical buckling stress resultant of Nx. 
(10) 
Methods of Solution. --The solution forK is a general eigenvalue 
problem. It can be obtained by setting 
I [LJ - K [M] I = 0 (11) 
The difference equationsin Eq. (9) are generated row wise and column-
wise from the assumed origin. The resulting matrix [LJ may not be 
symmetric for a plate with a free edge along y = b, but the symmetry 
can still be achieved by carefully rearranging the sequence or for-
mulating the difference equations (5). The matrix rL] is symmetric, 
however, when the edges y = 0 andy = bare elastically restrained. 
No attempt is made herein to set up a symmetric matrix rL], since 
matrix [M] is not symmetric for plates subjected to stress gradients 
using the approach introduced in Ref. 5. Following the coordinates of 
the nodal points, the programming of automatic generation of the 
finite difference operators appears to be straight foward since the 
bookkeeping of the coefficients in Eq. (9) is simple. No manual 
management of these input data is required. 
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The eigenvalue K is determined by a determinate search tech-
nique. The approach is based on a linear interpolation when two 
consecutively calculated K values have changed sign of the determinant. 
In this case, the initial value of K and the step size must be specified. 
The rate of convergence depends substantially upon the size of incre-
ment used in each step. In general, the incrementing step size should 
be keptsmall enough in order to ensure that the smallest eigenvalue 
is obtained. Additional considerations were discussed in Ref. 13. 
In evaluating the determinant, a value of K is assumed. Using 
Gaussian elimination, the matrix is transformed into an upper tri-
angular form. In every step of Gaussian elimination, the pivoting 
elements are formed and the equations are rearranged so that 
the diagonal elements dominate. The product of the diagonal elements 
of this transformed matrix is equal to the determinant. After deter-
mining the eigenvalue K, by back substition.one can obtain the corres-
ponding eigenvector. The largest element of the eigenvector is 
found and the eigenvector is 
by this largest element. 
then normalized by dividing the elements 
A solution scheme based on the Trace Theorem (9} is also 
employed. The Trace Theorem provides a Newton-Raphson correction 
which is of second order and therefore can speed up the rate of 
convergence. It has been found that the solution scheme based on the 
Trace Theorem reduces the number of iterations considerably. How-
ever, the Trace Theorem requires the inverse of the matrix and the 
cost is comparable to that of the determinate search method for the 
cases considered. This approach does not require a prespecified 
increment size for the solution. The results obtained by both approaches 
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are practically identical. 
Some results obtained by the above procedures have been verified 
by using an eigenvalue subroutine EECM from NASA (11 ). The NASA 
program utilizes the QR algorithm, Ilessenbcrg matrix and the deflation 
procedure (23). EECM processes all eigenvalues and cigenvcctor8, 
including complex numbers, for both symmetric and nonsymmetric 
matrices. It requires more storage and costs more to run than the 
program developed herein. 
Comparison with Existing Solutions. --A computer program following 
the preceding solution schemes based on the determinate search technique 
and the Trace Theorem outlined was developed (13). The boundary 
conditions for the plate may be simply supported, fixed or elastically 
restrained. In addition, the longitudinal edge along y = b may be free. 
Arbitrary loading conditions can be specified using the derived associated 
stress resultants. By considering the compatibility conditions along 
the joints of a section, the program was used to investigate the local 
instability problems of beam sections. 
Using the developed program, numerical results were obtained 
for two cases and are compared with the solutions by the previous 
investigators as shown in Fig. 7. 
In Fig. 7(a), Timoshenko and Gere (14) treated a uniformly com-
pressed plate simply supported along two transverse edges, x = 0, a. 
The longitudinal edge y = 0 is elastically restrained ranging from 
simply supported to fixed condition, while edge y = b is free. For 
finite difference solutions, the width of the plate was divided into 
four equal divisions for the square finite difference grids. 
Libove et. al. (10) investigated the simply supported plate under 
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a compressive stress that varies linearly from one transverse edge 
to thf' other, the differf'ncc in stress being equilibrated by uniform 
shears along the longitudinal edges as shown in Fig. 7(b). The min-
imunl and n1axin1um stresses at the transverse edges were defined 
Thr ratio of (N ) . I (N ) 
x nun x max 
was 0.2. For finite difference solutions, the wiclth of the plate was 
divided ir.~u five equal divisions for the square finite difference grids. 
It is sPen thal the computed results agree closely with those 
obtained by thr previous investigators. 
Lucal Buckling of Compression Flange of Wide Flange Beams.--
Case 1 Loading: The distribution of stress resultants for the 
comprrssion flangr of a wide flange beam subjected to a concentrated 
load at midspan is shown in Fig. 3(a). The buckling coefficients are 
plotted in Fig. 8 as a funrtion uf aspect ratios (length/width) in 
variation with the clastic restraint, .::, along thr longitudinal edge 
y = 0. Thf' aspect ratio ranges from 1. 4 to 9. Although the aspect 
ratio of a beam may be twice this value, the envelope of the buckling 
curves flattens out rapidly. For finitr difference grids, the plate was 
divided into square meshes when the aspect ratio was less than 3. 75; 
for higher ratios, rectangular meshes were used. The ratio betwrrn 
the grid spacings in the x and y directions varied from 1 to 4. The 
number of divisions on the x direction varied from 5 to 15, and that 
in they direction ranged from 4 to 6. Three values, 0, 2, and'~ 
for elastic restraint, ':, along y = 0 were considered. The buckling 
coefficiPnts for plates subjected to uniform compression without any 
shear effects (case 3 loading) are also plotted in the same figure 
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for comparison. An excellent agreement is obtained between the 
computed results and those by Chou and Gouwcns (3) for the case 
'" 0. 
The buckling coefficient of the plate with an aspect ratio of 9, 
for example, is 0. 7 when E: = 0 and 1. 45 when € ="' along the edge 
y = 0. For a real beam flange with the same aspect ratio, the 
buckling coefficient should bP within these limits. From the figure, 
it is seen that the computed buckling coefficients are much higher 
than that of a uniformly compr0sscd plate, especially for plates 
with small aspect ratios. 
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Some typical bu<·kling mode shapes are shown in Fig. 9, where 
the curves depict the buckling shapes along the free edge and thosl' 
in the transverse direction close to the middle of the plates. For simply 
supported case, as shown in fig. 9(a), the buckling mode deviates 
from the standard sine wave. The maximum amplitudes of the 
buckling wave arc shifted and squeezed towards the midspan of 
the plate. This phenomenon is more evident for longer plates with 
large aspect r·atios (Fig. 9(b)). In this case, the largest amplitudes of 
the buckling wave occur in the central portion of the plate while the wave 
close to two ends of the plate flattens out remarkably (20). It is also 
interesting to note that the wave length for the buckling mode is shorter 
in the central portion than that in the end regions. The buckling shapes 
in the transverse direction are close to straight lines when the cdgf.-' 
y = 0 is simply supported; but deviatt;d from straight line slightly when 
the edge y = 0 is elastically restrained. 
Casd 2 Loading: The distribution of stress resultants for the 
compression flange of a wide flange beam subjected to a uniformly 
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distributed load is shown in Fig. 4(a). The buckling coefficients are 
plotted against the aspect ratio for various elastic restraints along 
the edge y = 0 in Fig. 8. The aspect ratio ranges from 1 to 9. The 
arrangements for the finite difference grids and the boundary conditions 
were the same as those used in the preceding case. Again, the results 
for the case ~ = 0 check closely with those obtained by Chou and 
Gouwens (3). 
The computed buckling coefficients are again higher than those 
of a uniformly compressed plate, especially for plates with small 
aspect ratio0. But, the difference is smaller than that of case 1 
loading. The effects of stress gradients on mode shapes are 
similar to those of case 1 loading. 
Local Buckling of Compression Flange of Box Beams. --For a 
box beam 0ubjected to cases 1 and 2 loading, the stress resultant 
distributions in the compression flange are shown in Figs. 5(a) and 
6 (a), rcspecti vcly. The longitudinal edges of the compression flange 
are elastically restrained by the webs. The aspect ratio considered 
rangcrl from 1 to 9. For finite difference grids, the plate was divided 
into four rows of nodal points in the transverse direction; by virtue 
of summetry,only two rows of nodal points had to be considered in 
the finite difference formulation. The number of division in the x 
direction varied from 5 to 15 depending upon the aspect ratio of the 
plate. Both square and rectangular meshes were used, the ratio of 
mesh spacing in x - direction to that in the y - direction varying from 
1 to 3. The computed buckling coefficients are plotted as functions 
of the aspect ratio of the plate in Fig. 10. Only results for plates 
with all edges simply supported are presented. 
BUCKLING UNDER STRESS GRADIENT 
Under case 1 loading, the buckling coefficient for the plate with 
aspect ratio of 9, for example, is 4. 17 which is only slightly larger 
than 4 of a uniformly compressed plate. If the box beam is rather 
short, the effects of shearing stress is significant and the computed 
buckling coefficients are much larger than that of a uniformly com-
pressed plate without stress gradients. 
Under case 2 loading, in deriving the expression for N , it was y 
assumed that N = 0 along the longitudinal edges y = 0 and b. The y 
same assumption was made in an earlier study by Winter (24). For 
a plate with a small aspect ratio, the buckling coefficient may be less 
than 4. The assumption of the stress condition of N = 0 along two y 
longitudinal edges is partially responsible for this weakening effect. 
For a long plate, however, the influence of N becomes insignificant. y 
Therefore, the effects caused by the assumption concerning the dis-
tribution of N are also likely to bE' negligible for long plates. y 
Fig. 11 shows the typical buckling mode of the compression 
flange of a box beam. Similar to the compression flange of a wide 
flange section, the maximum amplitude of the buckling wa vc occurs 
in the central portion of the plate, and the buckling wave flattens out 
rapidly towards the ends (20). Again, the wave length is shorter in the 
central region than that close to the two ends. 
LOCAL BUCKLING OF BEAM SECTIONS 
Fig. 12 shows the general form of a section with different 
geometries and boundary conditions representing several kinds of 
sections. If the edges y 1 = b 1 , y 3 = b 3 , y 4 = b 4 and y 5 = b 5 are free, 
it represents a wide-flange section. If the edges y 1 = b 1 , and y 3 = b 3 
are free, and b 4 = b 5 = 0, it represents a channel section. rr lhe edges 
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y 1 = bl' y 3 = b 3 are in the plane of symmetry, and b 4 = b 5 = 0, it stands 
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for the left half of a box section. By virtue of symrrwtry or antisymmetry 
of the corss-scction, only three plates, i.e. No. 1, 2 and 3 arc treated. 
In most studies, symmetry is taken about the horizontal plane crossing 
thE' middle of plate No. 2. However, for beams subjPctt'd to moments, 
lower half of platE' No. 2 and plates No. 3 and 5 art' in tension, thus 
this symmetry no longer exists. On the other hand, symmetry or anti-
symmetry about the plane of plate No. 2 holds for the situation considered 
and is, therefore, adopted in this investigation. 
Boundary Conditions.-- For a numbc'r of long plates joinc'd along 
longitudinal edges to form a structural member, the following toundary 
conditions are normally applied when local buckling occurs: 
(i) The common PdgPs of component plates remain straight. The 
primary failure of the entire structure does not occur before the occur-
renee of local buckling. 
(ii) The pla tcs are rigidly joined along the edges. This implies 
that all the plate'S which meet at one c'dge rotate tht'ough the same angle 
when the cross-sPction distorts. 
(iii) The moment is in equilibrium at the junction of plates. 
Consider t.hP nth component platp with width bn and thickness tn. 
The subscript n denotes the nth component plate. The edge Yn = 0 
remains straight, and the original angle between the nth and (n + 1)th 
plate is maintained. Therefore, 
[w O]y =0 n 
n 
(12) 
and [(ow) l [(ow) l - 0 
oy n 
Yn =0 oy n+1 Yn =0 
(13) 
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There is al:o;o equilibrium of moments about the common edge of all 
plates, so that 
2 





n Y ~o 
n 
in which Dn flexural rigidity of nth component plate. 
Along the free edge of the plate, zero moment and zero shear 
give two boundary condition:o; as follows: 
and 
2 2 
fDn (~ + v~) 
3 













For a simply supported beam, thcrP is no moment at the transverse 
<·dge, x 0, a, of lh<' plate, i. v. 
2 02w 




Diffe>rence Equations and '\1cthod of Solution. --ln the analysis, 






The mesh size in the longitudinal direction remains constant for vvery 
plate, while in the transverse direction the mesh sizL· can be differL·nl 
for each plate under consideration. For Pach nodal point, Eq. (1) is 
then approximated by central diffPrcnces. Csing the preceding 
boundary conditions, the deflections of fictitious points lying outside 
204 THIRD SPECIALTY CONFERENCE 
the plate are converted in terms of the interior nodal points and the 
related flexural rigidities, D's, and the mesh widths k's of the corn-
ponen t plates. Boundary conditions in the finite difference form for 
the free and simply supported edges are the same as those for plates 
discussed earlkr. 
Expressing Eq. (1) in finite difference form together with the 
boundary conditions for each nodal point in the sequence of plates No. 
1, 2 and 3 (see Fig. 12) and in each plate following the order as 
described earlier for plates, a set of simultaneous equations are 
obtained, which can be written as Eq. (9). The value forK can be 
obtained from Eq. (11) using the same solution procedures described 
earlier for plates. The' eigenvalue is the buckling coefficient for the 
section, which can be expressed in terms of either the dimensions and 
clastic material properties of the compression flange or that of the web. 
If the buckling stress of the section is referred to the compression flange, 
the following equation is obtained 
a 
cr 
in which a = (N ) /tf; f ~ subscript referring to flange; and Kf = 
cr x cr 
buckling coPffidcnt expressed in terms of properties of flange. 
Comparison with Existing Solutions. --The computer program 
(18) 
prcpan'd can be applied to plain channPls, box and wide-flange sections 
directly under gcnt'ral loading conditions. With slight modifications, the 
programs can be used for other sections. 
Considering thl' wide flange section subjPdecl to uniform com-
pression (Fig. 13(a)), each component plate was discretizcd by five 
rows and five columns of finite difference grids. The computed results 
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are found to be in excellent agreement with those by Bulson (1). 
When a channel section column loaded eccentrically, the stress 
distribution is a combination of compressive and bending stresses as 
shown in Fig. 13(b). The plain channel section with a/bw = 1 and 
tw/tf = 1 simply supported at two ends and free at lhe bottom edge of 
the flanges under the stress distribution shown was considered. Again, 
each plate was discretized by five rows and five columns of finite 
difference grids. The results show remarkable agreement with 
Walker's solution (15). 
In Fig. 13 (c), a simply supported concentrically loaded box 
column was considered. By virtue of symmetry, only half section was 
dealt with. Top and bottom flanges were discretized by two rows and 
four columns of finite difference nodal points inside the plate and the 
web was discretized by four rows and four columns of finite difference 
nodal points. Two cases of Bulson's results (1) were analyzed; one 
corresponds to a/bf = 1. 0, bw/bf = 1. 0, tw/tf = 1. 0 and the other 
corresponds to a/bf = 1. 3, bw/bf = 1. 5, tw/tf = 1, 0. The computed 
results agree with Bulson fairly well. The accuracy can always be 
improved by using finer mesh size if necessary. 
Local Buckling of Wide Flange Beams.-- For a wide flange beam 
subjected to cases 1 and 2 loading, the distributions of stress resul-
tants in the component plates are shown in Figs. 3 and 4. For finite 
difference grids, four equal divisions in the transverse direction of 
the top and bottom plates (half) were used, while a variety of equal 
divisions in the longitudinal direction were used depending on the 
a/bf ratio. For the web, the plate was divided into five equal 
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divisions in the trans verse dircc lion while in the longitudinal dircc tion 
the number of division was kept the same as that of the flanges. 
Under case 1 loading, the buckling coefficients for wide-flange 
sections of various geometry and length arc giv~:n in Fig. 14(a). In 
the same figure, the curves of buckling coefficients for the top flange 
with simply supported or clamped longitudinal edge (Fig. 8) arc also 
presented. The buckling coefficients of the beam sections are slightly 
higher than the case for plates with simply supported edge under the 
same loading condition. For buckling modes, the compression flange 
has the largest buckling amplitude; the tension flange buckles only 
slightly; and the upper half of the web buckles with larger amplitude 
than the lower half. 
Under case 2 loading, the buckling coefficients are shown in 
Fig. 14(b) along with the curves for compression flange with a simply 
supported or clamped edge under the same loading (Fig. 8). For 
rather long beams, the compression flange limits the buckling strength. 
On the other hand, for shorter beams or longer beams but with com-
paratively deep webs, the buckling coefficients are low<·r· than those 
based on compression flange. This is due to the' interaction of local 
buckling in the web and in the compression flange for the overall section 
under consideration. Comparing Figs. 14(a) and 14(b), it is seen 
that the buckling behavior for the same section under loading cases 
1 and 2 is different. It should be notl'd that for wide-flange sections 
subjected to case 1 loading, stress resultant N is not present; y 
however, under loading case 2, the stress resultant N does exist y 
in the web. The presence of N in thew eb weakens the sL·ction and y 
reduces the buckling strength of the overall section especially when 
the web is deep. In this case the web will most likely buckle locally 
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prior to flange buckling. This accounts for the low buckling strength 
for the short and deeper sections. For those sc•ctions, the maximum 
buckling amplitude occurs in the web. 
Local Buckling of Box Beams. --For a box bcar11 subjected to 
cases 1 and 2 loading, the distributions of stress rcsullants in the 
component plates are shown in Figs. 5 and 6. In the analysis, only 
the left half section was considered by virtue of symmetry. Fo1· 
finite difference grids, the top and bottom plates were divided into 
four rows and four to ten columns depending on the ratio of a/bf' 
The web was divided into four rows and kept same number of colurnns 
as in flanges. 
Under loading case 1, the buckling coefficients versus Lhe ratio 
of span length to the flange width are given in Fig. 15(a). ThC' 
thicknesses of flanges and web were kept the same. The buckling 
curve for the compression flange simply supported along the longitudinal 
edgcH subjected to the same loading condition (Fig. 10) is also pre-
sented in the same figure· for comparison. ThL' results show that the 
buckling coefficients of the integral Hcctions arc somewhat higher than 
those for compression flange alone with simply supported longitudinal 
edges uncle r the samL' loading condition. Similar to the wide- flange 
sections, the compression flange has the largest buckling amplitude; 
the tension flange waves only slightly. The amplitude of the buckling 
wave in the central rL•gion along the beam length is much larger 
than that in the end portions and the wave length in the central region 
is shorter than that close to the two ends. This phenomenon was also 
observed for wide-flange beams and for the~ compression flange plate alone. 
Under case 2 loading, the buckling coefficients are shown in 
208 THIRD SPECIALTY CONFERENCE 
Fig. 15(b) along with the buckling curve for the compression flange 
with simply supported edges subjected to the same loading (Fig. 10). 
Similar to wide flange section, the compression flange limits the 
strength of the section for long beams. In this case, the buckling 
coefficients are higher than those based on the simply supported com-
pression flange alone. For short beams or long deep beams, the 
overall buckling stress of the integral section governs due to the 
interaction of flange and web buckling. In this case, the buckling 
is most likely to initiate in the web, expecially for sections with 
large depth to flange width ratios, i.e. bw/bf. 
CONCLUSIONS 
The primary conclusions which can be drawn from this study 
are as follows: 
1. The developed computer program is capable of solving 
buckling problems of plates with various boundary conditions and 
wide-flange, plain channel and box sections under various loading 
eonditions. The program can also be used for other cases. The 
techniques used, based on the determinant search approach or the 
Trace Theorem, proved to be efficient in solving eigenvalues of 
symmetric as well as nonsymmetric matrices. 
2. For long plates, the effects of stress gradient (longitudinal) 
on the buckling coefficients are not significant. The buckling is 
governed by the maximum longitudinal compressive stress at mid-
span. Effects resulting from other factors such as shear, transverse 
stress and pattern of distribution are also insignificant. 
3. For short plates, the effects of stress gradient on the 
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buckling coefficients are evident when the plates are subjected to stress 
resultants due to case 2 loading (uniform load) and are even more 
evident under case 1 loading (concentrated load at mid-span). 
4. In general, plates under case 1 loading give the highest 
buckling coefficients, while the plates under case 2 loading give 
slightly higher buckling coefficients than those under case 3 loading 
(uniform compression). 
5. The effects of elastic restraint along longitudinal edges on 
the buckling coefficients are greater when the aspect ratio is large. 
On the other hand, the stress gradient has a greater effect when the 
longitudinal edges are simply supported than when they are completely 
restrained. 
6. Due to the effects of stress gradient, the buckling wave 
pattern is not uniform. The amplitude of the buckling wave is maxi-
mum in the central region of the plate and the wave length in the 
central region is shorter than that close to the two ends. 
7. In the initial post-buckling range of a buckled plate, the 
waving pattern will follow the buckling modes. Since the effective 
width of the buckled plate has a close relationship to the waving 
amplitude, it may be concluded that the effective width of the com-
pression flange would vary along the length of the beam depending 
upon the moment gradient involved (17, 18, 19, 20, 21, 22). 
8. Under case 1 loading, the buckling strength of the beams 
considered in this investigation is governed by the compression 
flange. Under case 2 loading, local buckling may be initiated in 
the web, especially for the short deep beams considered. The 
interaction of web and flange buckling must be considered. 
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9. Since the expressions of stress r<:'sultants used in the buckling 
analysis are derived based on the conventional beam theory. additional 
studies are necessary for cases with shear lag effects. The general 
method developed, however, is applicable in those cases. 
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APPENDIX II. - NOTATION 











length and width of plate in x, y directions, respectively; 
width of nth component plate in y direction; 
flexural rigidity of plate; 
modulus of elasticity; 
subscript referring to flange; 
a/NC, finite difference mesh length; 
buckling coefficient; 
buckling coefficient expressed in terms of properties of 
flange; 
minimum Kf as defined in Ref. 1; 
buckling coefficient expressed in terms of properties 
of web; 
minimum Kw as defined in Ref. 1; 
b/NR, finite difference mesh width; 
matrix containing coefficients of biharmonic portion; 
matrix containing coefficients contributed by in plane 
stress resultants and body forces; 
membrane stress resultants (force/unit length) in x 
and y directions, respectively; 
maximum and minimum N along two transverse edges 
as defined in Ref. 10; x 
maximum value of stress resultant Nx; 
critical buckling stress resultant of N ; 
X 
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NC lotal numbc'l' of columns of finite difference grids along 
x axis; 
NR total number of l'OWS <>f finite difference grids along y 
axis; 
n subscript referring to nth component plate; 
r coefficient of fixity defined in Ref. 14; 
tn thickness of nth component plate; 
fw} ~ columns matrix for nodal point deflections; 
w deflection; subscript referring to web; 
X, Y ~ body for·ccs (force/unit area) in x andy directions, 
respectively; 
y, z coordinates; 





Po is son's ratio; 
-br/D(NR), index from 0 to oo; and 
(N ) It , buckling stress. 
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